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ABSTRACT: Modeling of pyrolysis and combustion in a smouldering fuel bed requires the solution of flow, heat 
and mass transfer through porous media. This paper presents an analytical method for describing the smouldering of a 
porous carbonaceous rod. We assume that no local thermal equilibrium exist between the phases. Also, the initial 
temperatures are assumed to depend on space variable. We prove the existence and uniqueness of solution of the model 
by actual solution method. The coupled non-linear partial differential equations describing the phenomenon have been 
decoupled using parameter-expanding method and solved analytically using eigenfunction expansion technique. The 
results obtained were discussed. The study shows that the Frank-Kamenetskii number, Scaled thermal conductivity of 
gas and solid phases and Species diffusion coefficient have a significant effects on the slow burning process associated 
with porous carbonaceous rod. © JASEM 
https://dx.doi.org/10.4314/jasem.v21i5.21 
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Smouldering is the slow, low-temperature, flameless 
form of combustion of a condensed fuel. It poses 
safety and environmental hazards and allows novel 
technological application but its fundamentals remain 
mostly unknown to the scientific community (Rein, 
2009). The terms filtering combustion, smoking 
problem, deep seated fires, hidden fires, peat or peat 
lands fires, lagging fires, low oxygen combustion, in-
situ combustion, fireflood and underground 
gasification, all refer to smouldering combustion 
phenomena (Rein, 2009). Smouldering is the leading 
cause of deaths in residential fires (Rein, 2009; Hall, 
2004) and a source of safety concerns in space and 
commercial flights (Rein, 2009). It is of interest both 
as a fundamental combustion problem and as a 
practical fire hazard (Hall, 2004). Smouldering 
wildfires destroy large amounts of biomass and cause 
great damage to the soil, contributing significantly to 
atmospheric pollutant and greenhouse gas emissions 
(Rein, 2009). 
 
Smouldering of a porous carbonaceous rod is 
normally controlled by two main parameters 
availability of oxygen to the combustion front and the 
heat losses from it. The velocity of the combustion 
front into the carbonaceous fuel after the ignition by 
an external heat source and the peak temperature are 
two indicators of the sustenance of combustion. It is a 
transient process which is controlled by a 
combination of endothermic and exothermic 
chemical reactions in the pyrolysis and combustion 
zones, diffusion of oxygen to the combustion zone, 
diffusion of reaction products away from the sources, 
and heat transfer as well (Rostami et al., 2002). 
 
Several works have been done on smouldering 
combustion. These include the work of Ohlemiller 
(1985) who considered a burning cigarette as a 
forward smouldering case, in which the air flow is in 
the same direction as the travelling combustion front. 
Kinbara et al. (1967) used a diffusion controlled 
approach to model the smouldering of a cylindrical 
fuel. Olayiwola (2012) studied transient one-
dimensional governing equations for smouldering 
combustion in a porous fuel. He assumed that there is 
a perfect contact between the gas and solid phases. 
He considered the pressure gradient to be parabolic 
and proved the existence and uniqueness of solution 
of the model by actual solution. In another 
development, Olayiwola et al. (2013) considered 
steady one-dimensional governing equations for 
smouldering combustion in a porous fuel. He 
examined the properties of solution of the steady-
state problems under certain conditions and 
investigated the effect of Frank-Kamenetskii 
parameter on the propagation of forward and opposed 
smouldering combustion.  
 
The objective of this paper is to obtain an analytical 
solution for describing the smouldering of a porous 
carbonaceous rod.  
MATERIALS AND METHODS 
 
Fig 1: One-dimensional reaction front in forward smoldering and 
the correspondence in a burning cigarette (Rein, 2009). 
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We consider a porous carbonaceous rod as shown in 
fig 1. The gas and solid phases are treated separately. 
Pyrolysis occurs in the starting material through a set 
of pyrolysis reactions. The pyrolysis reactions result 
in the formation of a series of products. The pyrolysis 
products leave the solid phase, while the remaining 
carbonaceous residue is oxidized when exposed to 
high temperatures and oxygen. The remaining solid 
residues that react with oxygen at high temperature 
are assumed to follow Arrhenius relation. We assume 
that the initial temperatures depend on space variable
x . With the above assumptions, the transient, one-
dimensional governing equations for the natural 
smouldering of a porous carbonaceous rod are: 
Conservation of energy of solid: 
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φρφρ            (4) 
The initial and boundary conditions were formulated 
as follows: Initial condition: 
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where φ  is the porosity of the porous bed, 
V
A gs  is 
the ratio of surface area between gas and solid to 
volume, E  is activation energy, R  is the perfect gas 
constant, L  is the length of porous bed, k  is thermal 
conductivity, h∆  is the enthalpy of reaction, c  is 
specific heat, T  is temperature, Y  is the mass 
fraction of the species, t  is time, x  is position, gsh  
is the heat transfer coefficient between gas and solid, 
D  is the diffusion coefficient of the species, K  is 
permeability, µ  is dynamic viscosity, P  is 
pressure, ρ  is density, A  is the pre-exponential 
factor and the subscripts s , g , p , ox , gp  and 0
represent solid, gas, pressure, oxygen, gas product 
and initial respectively. 
Method of Solution 
In our analysis, we consider the pressure gradient to 
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and assume ,,,,,, 0 pspgpgs cccρρρ  
xgs KKDkk ,,,,, φ  and µ  to be constants. 
These assumptions could be relaxed in the future. 
Non-dimensionalization   
Here, we non-dimensionalized equations (1) – (7), 
using the following dimensionless variables: 
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Z       (13) 
 Together with initial and boundary conditions: 
( ) ( ) ( )
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(14)  
where 























































































D Species diffusion 





























Analytical Solution  
We solve equations (10) – (14) using parameter-
expanding method (where details can be found in 
(He, 2006)) and eigenfunctions expansion method 
(where details can be found in (Myint-U and 
Debnath, 1987)). 













e                 (15) 
and parameter expanding method and eigenfunctions 
expansion technique, we obtain the solutions of 
equations (10) - (14) as 
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Then, using equations (16) - (23), we obtain 
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )



























The computations were done using computer 
symbolic algebraic package MAPLE. 
 
RESULTS AND DISCUSSION  
We solve the systems of partial differential equations 
describing smouldering of a porous carbonaceous rod 
analytically. We decouple the equations using 
parameter-expanding method and solve the resulting 
equations using eigenfunctions expansion technique.  
Equations (40) – (47) are the Analytical solutions 
obtained for equations (10) - (14) and these analytical 
solutions are computed and depicted graphically 












The following figures explain the temperatures and 





Fig 2: Variation of gas phase temperature ( )tx,ϕ  with Frank-





Fig 2 shows the effect of Frank-Kamenetskii number 
( )δ  on the gas phase temperature profile. It is 
observed that the maximum gas phase temperature 
increases. Clearly, the Frank-Kamenetskii number 
enhances the maximum gas phase temperature. This 
is as a result of increase in heat of reaction. 
 
Fig 3 depicts the effect of Frank-Kamenetskii number 
( )δ  on the Oxygen mass fraction profile. It is 
observed that the Oxygen mass fraction decreases 
with distance. Clearly, the Frank-Kamenetskii 
number enhances the consumption of Oxygen. This is 
also as a result of increase in heat of reaction. 
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Fig 3: Variation of Oxygen mass fraction ( )txY ,  
with Frank-Kamenetskii number δ . 
 
Fig 4 presents the effect of Frank-Kamenetskii 
number ( )δ  on the gas product mass fraction profile. 
It is observed that the maximum gas product mass 
fraction increases. Clearly, the Frank-Kamenetskii 
number enhances the production gas product. This is 
as a result of increase in heat of reaction. 
 
Fig 4: Variation of gas product mass fraction ( )txZ ,  
with Frank-Kamenetskii numberδ . 
 
Fig 5 shows the effect of solid phase scaled thermal 
conductivity ( )1λ  on the gas phase temperature 
profile. It is observed that the maximum gas phase 
temperature decreases. Clearly, the solid phase scaled 
thermal conductivity decreases the maximum gas 
phase temperature. 
 
Fig 5: Variation of gas phase temperature ( )tx,ϕ  
with solid phase scaled thermal conductivity 1λ  
 
Fig 6 depicts the effect of solid phase scaled thermal 
conductivity ( )1λ  on the Oxygen mass fraction 
profile. It is observed that the Oxygen mass fraction 
decreases with distance. Clearly, the solid phase 
scaled thermal conductivity decreases the 
consumption of Oxygen. 
 
 
Fig 6: Variation of Oxygen mass fraction ( )txY ,  
with solid phase scaled thermal conductivity 1λ  
 
Fig 7 presents the effect of solid phase scaled thermal 
conductivity ( )1λ  on the gas product mass fraction 
profile. It is observed that the maximum gas product 
mass fraction decreases. Clearly, the solid phase 
scaled thermal conductivity decreases the production 
of gas product. 
 
Fig 7: Variation of gas product mass fraction ( )txZ ,  
with solid phase scaled thermal conductivity 1λ  
 
Fig 8 shows the effect of gas phase scaled thermal 
conductivity ( )2λ  on the gas phase temperature 
profile. It is observed that the maximum gas phase 
temperature increases. Clearly, the gas phase scaled 
thermal conductivity increases the maximum gas 
phase temperature. 
 









Fig 8: Variation of gas phase temperature ( )tx,ϕ  
with gas phase scaled thermal conductivity 2λ  
 
Fig 9 depicts the effect of gas phase scaled thermal 
conductivity ( )2λ  on the Oxygen mass fraction 
profile. It is observed that the Oxygen mass fraction 
decreases with distance. Clearly, the gas phase scaled 




Fig 9: Variation of Oxygen mass fraction ( )txY ,  
with gas phase scaled thermal conductivity 2λ . 
Fig 10 presents the effect of gas phase scaled thermal 
conductivity ( )2λ  on the gas product mass fraction 
profile. It is observed that the maximum gas product 
mass fraction increases. Clearly, the gas phase scaled 




Fig 10: Variation of gas product mass fraction 
( )txZ ,  with gas phase scaled thermal conductivity 
2λ  
 
Fig 11 depicts the effect of species diffusion 
coefficient ( )1D  on the gas product mass fraction 
profile. It is observed that the maximum gas product 
mass fraction increases. Clearly, the species diffusion 
coefficient increases the production of gas product. 
 
Note that the effects observed in figs 2 - 11 are of 
great economic importance, since smoulder waves, 
which occur naturally, are undesirable, so the goal is 
to prevent or extinguish them. So there is need to 
identify the control parameters. 
 
 
Fig 11: Variation of gas product mass fraction 
( )txZ ,  with species diffusion coefficient 1D  
 
Conclusion: We have formulated and solved 
analytically a mathematical model describing 
smouldering of a porous carbonaceous rod to 
determine the concentration and temperature 
distributions. In particular, we have proved by actual 
solution method that the model formulated has a 
unique solution for all 0≥t . We decoupled the 
equations using parameter expanding method and 
solved the resulting equations using Eigen functions 
expansion technique. Finally, we have provided the 
graphical summaries of the system responses. 
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